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A GENERAL CONVERGENCE RESULT FOR THE RICCI
FLOW IN HIGHER DIMENSIONS
SIMON BRENDLE
1. Introduction
In this paper, we study the longterm behavior of the Ricci flow in higher
dimensions. A one-parameter family of metrics g(t) is a solution to the Ricci
flow if
∂
∂t
g(t) = −2Ricg(t),
where Ricg(t) denotes the Ricci tensor of g(t) (cf. [3]). Moreover, g(t) is a
solution to the normalized Ricci flow if
∂
∂t
g(t) = −2Ricg(t) +
2
n
rg(t) g(t),
where rg(t) denotes the mean value of the scalar curvature of g(t). In a joint
work with R. Schoen, we proved the following theorem:
Theorem 1 ([2], Theorem 3). Let (M,g0) be a compact Riemannian man-
ifold of dimension n ≥ 4. Assume that
(1) R1313 + λ
2R1414 + µ
2R2323 + λ
2µ2R2424 − 2λµR1234 > 0
for all orthonormal four-frames {e1, e2, e3, e4} and all λ, µ ∈ [−1, 1]. Then
the normalized Ricci flow with initial metric g0 exists for all time and con-
verges to a constant curvature metric as t→∞.
An immediate consequence of Theorem 1 is the Differentiable Sphere The-
orem: if (M,g0) has strictly 1/4-pinched sectional curvatures, then M is
diffeomorphic to a spherical space form. We refer to [2] for a discussion of
the history of this problem.
In this paper, we weaken the curvature assumption in Theorem 1. Our
main result is the following:
Theorem 2. Let (M,g0) be a compact Riemannian manifold of dimension
n ≥ 4. Assume that
(2) R1313 + λ
2R1414 +R2323 + λ
2R2424 − 2λR1234 > 0
for all orthonormal four-frames {e1, e2, e3, e4} and all λ ∈ [−1, 1]. Then the
normalized Ricci flow with initial metric g0 exists for all time and converges
to a constant curvature metric as t→∞.
This project was supported by the Alfred P. Sloan Foundation and by the National
Science Foundation under grant DMS-0605223.
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C. Bo¨hm and B. Wilking [1] have shown that the normalized Ricci flow
deforms metrics with 2-positive curvature operator to constant curvature
metrics. It is easy to see that every manifold with 2-positive curvature
operator satisfies condition (2). Hence, the main theorem in [1] is a subcase
of Theorem 2.
The conditions (1) and (2) are closely related to the notion of positive
isotropic curvature. To explain this, suppose thatM is a Riemannian mani-
fold of dimension n ≥ 4. We say thatM has nonnegative isotropic curvature
if
R1313 +R1414 +R2323 +R2424 − 2R1234 ≥ 0
for all orthonormal four-frames {e1, e2, e3, e4} (cf. [6], [7]). The product
M × R has nonnegative isotropic curvature if and only if
R1313 + λ
2R1414 +R2323 + λ
2R2424 − 2λR1234 ≥ 0
for all orthonormal four-frames {e1, e2, e3, e4} and all λ ∈ [−1, 1] (see Propo-
sition 4 below). Similarly, the product M × R2 has nonnegative isotropic
curvature if and only if
R1313 + λ
2R1414 + µ
2R2323 + λ
2µ2R2424 − 2λµR1234 ≥ 0
for all orthonormal four-frames {e1, e2, e3, e4} and all λ, µ ∈ [−1, 1] (see [2],
Proposition 21).
The curvature conditions (1) and (2) are void in dimension less than 4.
However, the condition that M × R has nonnegative isotropic curvature
makes sense for all n ≥ 3, and the condition that M × R2 has nonnega-
tive isotropic curvature makes sense for all n ≥ 2. A three-manifold M has
nonnegative Ricci curvature if and only if M ×R has nonnegative isotropic
curvature. Moreover, a three-manifold M has nonnegative sectional cur-
vature if and only if M × R2 has nonnegative isotropic curvature. Thus,
Theorem 2 can be viewed as a generalization of a theorem of R. Hamilton
on three-manifolds with positive Ricci curvature (see [3]). Combining the
two results, we obtain:
Theorem 3. Let (M,g0) be a compact Riemannian manifold of dimension
n ≥ 3. If (M,g0) × R has positive isotropic curvature, then the normal-
ized Ricci flow with initial metric g0 exists for all time and converges to a
constant curvature metric as t→∞.
R. Hamilton [5] has shown that the Ricci flow preserves positive isotropic
curvature in dimension 4. Moreover, Hamilton proved that, in dimension 4,
a solution to the Ricci flow with positive isotropic curvature develops only
”neck-like” singularities. More recently, it was shown that positive isotropic
curvature is preserved by the Ricci flow in all dimensions. This result was
proved independently in [2] and [8]. It is an open question whether the
analysis of singularities in [5] carries over to higher dimensions. We hope
that Theorem 3 will shed light on this question.
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In Section 2, we consider the condition that M × R has nonnegative
isotropic curvature. This condition defines a convex cone C˜ in the space of
algebraic curvature operators, which is preserved by the Hamilton ODE.
In Section 3, we consider the condition that M × S2(1) has nonnegative
isotropic curvature. This defines a convex set E in the space of algebraic
curvature operators. It is easy to see that Cˆ ⊂ E ⊂ C˜, where Cˆ denotes
the cone introduced in [2]. Using results from [2], we show that the set E is
invariant under the Hamilton ODE. This fact is the main ingredient in the
proof of Theorem 2.
In Section 4, we complete the proof of Theorem 2 by constructing a suit-
able pinching set for the Hamilton ODE.
2. The cone C˜
Let R be an algebraic curvature operator on Rn. We define an algebraic
curvature operator R˜ on Rn × R by
R˜(v˜1, v˜2, v˜3, v˜4) = R(v1, v2, v3, v4)
for all vectors v˜j = (vj , xj) ∈ Rn × R. We denote by C˜ the set of all alge-
braic curvature operators on Rn with the property that R˜ has nonnegative
isotropic curvature:
C˜ = {R ∈ S2B(so(n)) : R˜ has nonnegative isotropic curvature}.
Clearly, C˜ is closed, convex, and O(n)-invariant. Moreover, it follows from
the results in [2] that C˜ is invariant under the Hamilton ODE d
dt
R = Q(R).
The cone C˜ can be characterized as follows:
Proposition 4. Let R be an algebraic curvature operator on Rn, and let R˜
be the induced curvature operator on Rn × R. The following statements are
equivalent:
(i) R˜ has nonnegative isotropic curvature.
(ii) For all orthonormal four-frames {e1, e2, e3, e4} and all λ ∈ [−1, 1],
we have
R(e1, e3, e1, e3) + λ
2R(e1, e4, e1, e4)
+R(e2, e3, e2, e3) + λ
2R(e2, e4, e2, e4)− 2λR(e1, e2, e3, e4) ≥ 0.
Proof. Assume first that R˜ has nonnegative isotropic curvature. Let
{e1, e2, e3, e4} be an orthonormal four-frame in Rn, and let λ ∈ [−1, 1]. We
define
e˜1 = (e1, 0) e˜2 = (e2, 0)
e˜3 = (e3, 0) e˜4 = (λe4,
√
1− λ2).
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Since R˜ has nonnegative isotropic curvature, we have
0 ≤ R˜(e˜1, e˜3, e˜1, e˜3) + R˜(e˜1, e˜4, e˜1, e˜4)
+ R˜(e˜2, e˜3, e˜2, e˜3) + R˜(e˜2, e˜4, e˜2, e˜4)− 2 R˜(e˜1, e˜2, e˜3, e˜4)
= R(e1, e3, e1, e3) + λ
2R(e1, e4, e1, e4)
+R(e2, e3, e2, e3) + λ
2R(e2, e4, e2, e4)− 2λR(e1, e2, e3, e4),
as claimed.
Conversely, assume that (ii) holds. We claim that R˜ has nonnegative
isotropic curvature. Let {e˜1, e˜2, e˜3, e˜4} be an orthonormal four-frame in Rn×
R. We write e˜j = (vj , xj), where vj ∈ Rn and xj ∈ R. Moreover, we define
ϕ = v1 ∧ v3 + v4 ∧ v2
ψ = v1 ∧ v4 + v2 ∧ v3.
Clearly, ϕ∧ϕ = ψ∧ψ and ϕ∧ψ = 0. Using the relation 〈vi, vj〉+xixj = δij ,
we obtain
|ϕ|2 − |ψ|2 = |v1 ∧ v3|2 + |v4 ∧ v2|2 − |v1 ∧ v4|2 − |v2 ∧ v3|2
+ 2 〈v1 ∧ v3, v4 ∧ v2〉 − 2 〈v1 ∧ v4, v2 ∧ v3〉
= (|v1|2 − |v2|2)(|v3|2 − |v4|2)− 4 〈v1, v2〉 〈v3, v4〉
− (〈v1, v3〉 − 〈v2, v4〉)2 + (〈v1, v4〉2 + 〈v2, v3〉)2
= (x21 − x22)(x23 − x24)− 4x1x2x3x4
− (x1x3 − x2x4)2 + (x1x4 + x2x3)2
= 0
and
〈ϕ,ψ〉 = 〈v1 ∧ v3, v1 ∧ v4〉+ 〈v1 ∧ v3, v2 ∧ v3〉
+ 〈v4 ∧ v2, v1 ∧ v4〉+ 〈v4 ∧ v2, v2 ∧ v3〉
= (|v1|2 − |v2|2) 〈v3, v4〉+ (|v3|2 − |v4|2) 〈v1, v2〉
− (〈v1, v3〉 − 〈v2, v4〉) (〈v1, v4〉+ 〈v2, v3〉)
= (x21 − x22)x3x4 + (x23 − x24)x1x2
− (x1x3 − x2x4) (x1x4 + x2x3)
= 0.
By Lemma 19 in [2], we can find an orthonormal four-frame {e1, e2, e3, e4}
in Rn and real numbers a1, a2, b1, b2 such that a
2
1+a
2
2 = b
2
1+b
2
2, a1a2 = b1b2,
and
ϕ = a1 e1 ∧ e3 + a2 e4 ∧ e2
ψ = b1 e1 ∧ e4 + b2 e2 ∧ e3.
Clearly, (a21 − b21)(a21 − b22) = 0. Without loss of generality, we may assume
that a21 = b
2
2. (Otherwise, we replace {e1, e2, e3, e4} by {e3, e4, e1, e2}.) This
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implies a22 = b
2
1. Using the first Bianchi identity, we obtain
R(ϕ,ϕ) +R(ψ,ψ) = a21R(e1, e3, e1, e3) + a
2
2R(e1, e4, e1, e4)
+ a21R(e2, e3, e2, e3) + a
2
2R(e2, e4, e2, e4)
− 2a1a2R(e1, e2, e3, e4).
The condition (ii) implies that the right hand side is nonnegative. Thus, we
conclude that
R˜(e˜1, e˜3, e˜1, e˜3) + R˜(e˜1, e˜4, e˜1, e˜4)
+ R˜(e˜2, e˜3, e˜2, e˜3) + R˜(e˜2, e˜4, e˜2, e˜4)− 2 R˜(e˜1, e˜2, e˜3, e˜4)
= R(ϕ,ϕ) +R(ψ,ψ) ≥ 0.
Hence, R˜ has nonnegative isotropic curvature.
3. A new invariant curvature condition
Let R be an algebraic curvature operator on Rn. Following Hamilton [4],
we define
Q(R)ijkl = RijpqRklpq + 2Ripkq Rjplq − 2Riplq Rjpkq.
It is straightforward to verify that Q(R) is an algebraic curvature tensor.
As in [4], we write Q(R) = R2 +R#, where R2 and R# are defined by
(R2)ijkl = RijpqRklpq
(R#)ijkl = 2Ripkq Rjplq − 2Riplq Rjpkq.
Note that R2 and R# do not satisfy the first Bianchi identity, but R2+R#
does. The following lemma is a consequence of Corollary 10 in [2], and plays
a key role in our analysis:
Lemma 5. Let R be an algebraic curvature operator on Rn with nonnegative
isotropic curvature. Moreover, suppose that {e1, e2, e3, e4} is an orthonormal
four-frame in Rn satisfying
R(e1, e3, e1, e3) +R(e1, e4, e1, e4)
+R(e2, e3, e2, e3) +R(e2, e4, e2, e4)− 2R(e1, e2, e3, e4) = 0.(3)
Then
R#(e1, e3, e1, e3) +R
#(e1, e4, e1, e4)
+R#(e2, e3, e2, e3) +R
#(e2, e4, e2, e4)(4)
+ 2R#(e1, e3, e4, e2) + 2R
#(e1, e4, e2, e3) ≥ 0.
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Proof. We extend {e1, e2, e3, e4} to an orthonormal basis {e1, . . . , en} of
R
n. Using the first Bianchi identity, we obtain
R#(e1, e3, e4, e2) +R
#(e1, e4, e2, e3)
= 2R(e1, ep, e4, eq)R(e3, ep, e2, eq)− 2R(e1, ep, e3, eq)R(e4, ep, e2, eq)
+ 2R(e1, ep, e2, eq)R(e4, ep, e3, eq)− 2R(e1, ep, e2, eq)R(e3, ep, e4, eq)
= 2R(e1, ep, e4, eq)R(e3, ep, e2, eq)− 2R(e1, ep, e3, eq)R(e4, ep, e2, eq)
−R(e1, e2, ep, eq)R(e3, e4, ep, eq).
This implies
R#(e1, e3, e1, e3) +R
#(e1, e4, e1, e4)
+R#(e2, e3, e2, e3) +R
#(e2, e4, e2, e4)
+ 2R#(e1, e3, e4, e2) + 2R
#(e1, e4, e2, e3)
= 2R(e1, ep, e1, eq)R(e3, ep, e3, eq)− 2R(e1, ep, e3, eq)R(e3, ep, e1, eq)
+ 2R(e1, ep, e1, eq)R(e4, ep, e4, eq)− 2R(e1, ep, e4, eq)R(e4, ep, e1, eq)
+ 2R(e2, ep, e2, eq)R(e3, ep, e3, eq)− 2R(e2, ep, e3, eq)R(e3, ep, e2, eq)
+ 2R(e2, ep, e2, eq)R(e4, ep, e4, eq)− 2R(e2, ep, e4, eq)R(e4, ep, e2, eq)
+ 4R(e1, ep, e4, eq)R(e3, ep, e2, eq)− 4R(e1, ep, e3, eq)R(e4, ep, e2, eq)
− 2R(e1, e2, ep, eq)R(e3, e4, ep, eq).
Rearranging terms yields
R#(e1, e3, e1, e3) +R
#(e1, e4, e1, e4)
+R#(e2, e3, e2, e3) +R
#(e2, e4, e2, e4)
+ 2R#(e1, e3, e4, e2) + 2R
#(e1, e4, e2, e3)
= 2 (R(e1, ep, e1, eq) +R(e2, ep, e2, eq)) (R(e3, ep, e3, eq) +R(e4, ep, e4, eq))
− 2R(e1, e2, ep, eq)R(e3, e4, ep, eq)
− 2 (R(e1, ep, e3, eq) +R(e2, ep, e4, eq)) (R(e3, ep, e1, eq) +R(e4, ep, e2, eq))
+ 2 (R(e1, ep, e4, eq)−R(e2, ep, e3, eq)) (R(e4, ep, e1, eq)−R(e3, ep, e2, eq)),
and the right hand side is nonnegative by Corollary 10 in [2].
Given any algebraic curvature operator R on Rn, we define an algebraic
curvature operator S on Rn × R2 by
S(vˆ1, vˆ2, vˆ3, vˆ4) = R(v1, v2, v3, v4) + 〈x1, x3〉 〈x2, x4〉 − 〈x1, x4〉 〈x2, x3〉
for all vectors vˆj = (vj , xj) ∈ Rn×R2. A straightforward calculation yields:
Lemma 6. Let R be an algebraic curvature operator on Rn, and let S be
the induced curvature operator on Rn × R2. Then
S#(vˆ1, vˆ2, vˆ3, vˆ4) = R
#(v1, v2, v3, v4)
for all vectors vˆj = (vj , xj) ∈ Rn × R2.
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Let E be the set of all algebraic curvature operators on Rn with the
property that the induced curvature operator S on Rn×R2 has nonnegative
isotropic curvature:
E = {R ∈ S2B(so(n)) : S has nonnegative isotropic curvature}
It is easy to see that E is closed, convex, and O(n)-invariant.
Proposition 7. Let R be an algebraic curvature operator on Rn, and let S
be the induced curvature operator on Rn×R2. The following statements are
equivalent:
(i) S has nonnegative isotropic curvature.
(ii) For all orthonormal four-frames {e1, e2, e3, e4} and all λ, µ ∈ [−1, 1],
we have
R(e1, e3, e1, e3) + λ
2R(e1, e4, e1, e4)
+ µ2R(e2, e3, e2, e3) + λ
2µ2R(e2, e4, e2, e4)
− 2λµR(e1, e2, e3, e4) + (1− λ2) (1− µ2) ≥ 0.
Proof. Assume first that S has nonnegative isotropic curvature. Let
{e1, e2, e3, e4} be an orthonormal four-frame in Rn, and let λ, µ ∈ [−1, 1].
We define
eˆ1 = (e1, 0, 0) eˆ2 = (µe2, 0,
√
1− µ2)
eˆ3 = (e3, 0, 0) eˆ4 = (λe4,
√
1− λ2, 0).
Clearly, the vectors {eˆ1, eˆ2, eˆ3, eˆ4} form an orthonormal four-frame in Rn ×
R
2. Since S has nonnegative isotropic curvature, we have
0 ≤ S(eˆ1, eˆ3, eˆ1, eˆ3) + S(eˆ1, eˆ4, eˆ1, eˆ4)
+ S(eˆ2, eˆ3, eˆ2, eˆ3) + S(eˆ2, eˆ4, eˆ2, eˆ4)− 2S(eˆ1, eˆ2, eˆ3, eˆ4)
= R(e1, e3, e1, e3) + λ
2R(e1, e4, e1, e4)
+ µ2R(e2, e3, e2, e3) + λ
2µ2R(e2, e4, e2, e4)
− 2λµR(e1, e2, e3, e4) + (1− λ2) (1− µ2),
as claimed.
Conversely, assume that (ii) holds. We claim that S has nonnegative
isotropic curvature. Let {eˆ1, eˆ2, eˆ3, eˆ4} be an orthonormal four-frame in Rn×
R
2. We write eˆj = (vj , xj), where vj ∈ Rn and xj ∈ R2. Let V be a four-
dimensional subspace of Rn containing {v1, v2, v3, v4}. We define
ϕ = v1 ∧ v3 + v4 ∧ v2 ∈ ∧2V
ψ = v1 ∧ v4 + v2 ∧ v3 ∈ ∧2V.
Clearly, ϕ ∧ ϕ = ψ ∧ ψ and ϕ ∧ ψ = 0. By Lemma 20 in [2], there exist an
orthonormal basis {e1, e2, e3, e4} of V and real numbers a1, a2, b1, b2, θ such
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that a1a2 = b1b2 and
ϕ˜ := cos θ ϕ+ sin θ ψ = a1 e1 ∧ e3 + a2 e4 ∧ e2
ψ˜ := − sin θ ϕ+ cos θ ψ = b1 e1 ∧ e4 + b2 e2 ∧ e3.
This implies
R(ϕ,ϕ) +R(ψ,ψ) = R(ϕ˜, ϕ˜) +R(ψ˜, ψ˜)
= a21R(e1, e3, e1, e3) + b
2
1R(e1, e4, e1, e4)
+ b22R(e2, e3, e2, e3) + a
2
2R(e2, e4, e2, e4)
− 2a1a2R(e1, e2, e3, e4).
Using the identity 〈vi, vj〉+ 〈xi, xj〉 = δij , we obtain
|ϕ|2 − |ψ|2 = (|v1|2 − |v2|2)(|v3|2 − |v4|2)− 4 〈v1, v2〉 〈v3, v4〉
− (〈v1, v3〉 − 〈v2, v4〉)2 + (〈v1, v4〉2 + 〈v2, v3〉)2
= (|x1|2 − |x2|2)(|x3|2 − |x4|2)− 4 〈x1, x2〉 〈x3, x4〉
− (〈x1, x3〉 − 〈x2, x4〉)2 + (〈x1, x4〉+ 〈x2, x3〉)2
= |x1 ∧ x3 + x4 ∧ x2|2 − |x1 ∧ x4 + x2 ∧ x3|2
and
〈ϕ,ψ〉 = (|v1|2 − |v2|2) 〈v3, v4〉+ (|v3|2 − |v4|2) 〈v1, v2〉
− (〈v1, v3〉 − 〈v2, v4〉) (〈v1, v4〉+ 〈v2, v3〉)
= (|x1|2 − |x2|2) 〈x3, x4〉+ (|x3|2 − |x24|) 〈x1, x2〉
− (〈x1, x3〉 − 〈x2, x4〉) (〈x1, x4〉+ 〈x2, x3〉)
= 〈x1 ∧ x3 + x4 ∧ x2, x1 ∧ x4 + x2 ∧ x3〉.
From this we deduce that
(|x1 ∧ x3 + x4 ∧ x2|2 + |x1 ∧ x4 + x2 ∧ x3|2)2
= (|x1 ∧ x3 + x4 ∧ x2|2 − |x1 ∧ x4 + x2 ∧ x3|2)2
+ 4 |x1 ∧ x3 + x4 ∧ x2|2 |x1 ∧ x4 + x2 ∧ x3|2
≥ (|x1 ∧ x3 + x4 ∧ x2|2 − |x1 ∧ x4 + x2 ∧ x3|2)2
+ 4 〈x1 ∧ x3 + x4 ∧ x2, x1 ∧ x4 + x2 ∧ x3〉2
= (|ϕ|2 − |ψ|2)2 + 4 〈ϕ,ψ〉2
= (|ϕ˜|2 − |ψ˜|2)2 + 4 〈ϕ˜, ψ˜〉2
= (a21 + a
2
2 − b21 − b22)2.
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Putting these facts together, we obtain
R(ϕ,ϕ) +R(ψ,ψ) + |x1 ∧ x3 + x4 ∧ x2|2 + |x1 ∧ x4 + x2 ∧ x3|2
≥ a21R(e1, e3, e1, e3) + b21R(e1, e4, e1, e4)
+ b22R(e2, e3, e2, e3) + a
2
2R(e2, e4, e2, e4)
− 2a1a2R(e1, e2, e3, e4) + |a21 + a22 − b21 − b22|.
The condition (ii) implies that the right hand side is nonnegative. Thus, we
conclude that
S(eˆ1, eˆ3, eˆ1, eˆ3) + S(eˆ1, eˆ4, eˆ1, eˆ4)
+ S(eˆ2, eˆ3, eˆ2, eˆ3) + S(eˆ2, eˆ4, eˆ2, eˆ4)− 2S(eˆ1, eˆ2, eˆ3, eˆ4)
= R(ϕ,ϕ) +R(ψ,ψ) + |x1 ∧ x3 + x4 ∧ x2|2 + |x1 ∧ x4 + x2 ∧ x3|2 ≥ 0,
as claimed.
We next consider the cone Cˆ introduced in [2]. Moreover, we denote by
I the curvature operator of the standard sphere, i.e. Iijkl = δik δjl − δil δjk.
Using Proposition 21 in [2], we obtain:
Corollary 8. If R ∈ E, then R ∈ C˜ and R + I ∈ Cˆ. Moreover, we have
E + Cˆ = E.
We claim that the set E is invariant under the ODE d
dt
R = Q(R). This
is a consequence of the following algebraic fact:
Proposition 9. Let R ∈ E be an algebraic curvature operator on Rn.
Moreover, let {e1, e2, e3, e4} be an orthonormal four-frame in Rn, and let
λ, µ ∈ [−1, 1]. If
R(e1, e3, e1, e3) + λ
2R(e1, e4, e1, e4)
+ µ2R(e2, e3, e2, e3) + λ
2µ2R(e2, e4, e2, e4)(5)
− 2λµR(e1, e2, e3, e4) + (1− λ2) (1− µ2) = 0,
then we have
Q(R)(e1, e3, e1, e3) + λ
2Q(R)(e1, e4, e1, e4)
+ µ2Q(R)(e2, e3, e2, e3) + λ
2µ2Q(R)(e2, e4, e2, e4)(6)
− 2λµQ(R)(e1, e2, e3, e4) ≥ 0.
Proof. Let S be the curvature operator on Rn × R2 associated with R.
We define an orthonormal four-frame {eˆ1, eˆ2, eˆ3, eˆ4} in Rn × R2 by
eˆ1 = (e1, 0, 0) eˆ2 = (µe2, 0,
√
1− µ2)
eˆ3 = (e3, 0, 0) eˆ4 = (λe4,
√
1− λ2, 0).
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By assumption, S has nonnegative isotropic curvature. Moreover, it follows
from (5) that
S(eˆ1, eˆ3, eˆ1, eˆ3) + S(eˆ1, eˆ4, eˆ1, eˆ4)
+ S(eˆ2, eˆ3, eˆ2, eˆ3) + S(eˆ2, eˆ4, eˆ2, eˆ4)− 2S(eˆ1, eˆ2, eˆ3, eˆ4) = 0.
Hence, Lemma 5 implies that
S#(eˆ1, eˆ3, eˆ1, e3) + S
#(eˆ1, eˆ4, eˆ1, eˆ4)
+ S#(eˆ2, eˆ3, eˆ2, eˆ3) + S
#(eˆ2, eˆ4, eˆ2, eˆ4)
+ 2S#(eˆ1, eˆ3, eˆ4, eˆ2) + 2S
#(eˆ1, eˆ4, eˆ2, eˆ3) ≥ 0.
Using Lemma 6, we obtain
R#(e1, e3, e1, e3) + λ
2R#(e1, e4, e1, e4)
+ µ2R#(e2, e3, e2, e3) + λ
2µ2R#(e2, e4, e2, e4)(7)
+ 2λµR#(e1, e3, e4, e2) + 2λµR
#(e1, e4, e2, e3) ≥ 0.
Moreover, we have
R2(e1, e3, e1, e3) + λ
2R2(e1, e4, e1, e4)
+ µ2R2(e2, e3, e2, e3) + λ
2µ2R2(e2, e4, e2, e4)
+ 2λµR2(e1, e3, e4, e2) + 2λµR
2(e1, e4, e2, e3)(8)
=
n∑
p,q=1
[
R(e1, e3, ep, eq)− λµR(e2, e4, ep, eq)
]2
+
n∑
p,q=1
[
λR(e1, e4, ep, eq) + µR(e2, e3, ep, eq)
]2 ≥ 0.
Adding (7) and (8), we conclude that
Q(R)(e1, e3, e1, e3) + λ
2Q(R)(e1, e4, e1, e4)
+ µ2Q(R)(e2, e3, e2, e3) + λ
2µ2Q(R)(e2, e4, e2, e4)(9)
+ 2λµQ(R)(e1, e3, e4, e2) + 2λµQ(R)(e1, e4, e2, e3) ≥ 0.
Since
Q(R)(e1, e2, e3, e4) +Q(R)(e1, e3, e4, e2) +Q(R)(e1, e4, e2, e3) = 0,
the assertion follows.
Proposition 10. Suppose that R(t), t ∈ [0, T ), is a solution of the ODE
d
dt
R(t) = Q(R(t)) with R(0) ∈ E. Then R(t) ∈ E for all t ∈ [0, T ).
Proof. Fix ε > 0, and denote by Rε(t) the solution of the ODE
d
dt
Rε(t) =
Q(Rε(t)) + εI with initial condition Rε(0) = R(0) + εI. The function Rε(t)
is defined on some time interval [0, Tε). We claim that Rε(t) ∈ E for all
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t ∈ [0, Tε). To prove this, we argue by contradiction. Suppose that there
exists a time t ∈ [0, Tε) such that Rε(t) /∈ E. Let
τ = inf{t ∈ [0, Tε) : Rε(t) /∈ E}.
Clearly, τ > 0 and Rε(τ) ∈ ∂E. By Proposition 7, we can find an orthonor-
mal four-frame {e1, e2, e3, e4} and real numbers λ, µ ∈ [−1, 1] such that
Rε(τ)(e1, e3, e1, e3) + λ
2Rε(τ)(e1, e4, e1, e4)
+ µ2Rε(τ)(e2, e3, e2, e3) + λ
2µ2Rε(τ)(e2, e4, e2, e4)
− 2λµRε(τ)(e1, e2, e3, e4) + (1− λ2) (1 − µ2) = 0.
By definition of τ , we have Rε(t) ∈ E for all t ∈ [0, τ). This implies
Rε(t)(e1, e3, e1, e3) + λ
2Rε(t)(e1, e4, e1, e4)
+ µ2Rε(t)(e2, e3, e2, e3) + λ
2µ2Rε(t)(e2, e4, e2, e4)
− 2λµRε(t)(e1, e2, e3, e4) + (1− λ2) (1 − µ2) ≥ 0
for all t ∈ [0, τ). Hence, we obtain
Q(Rε(τ))(e1, e3, e1, e3) + λ
2Q(Rε(τ))(e1, e4, e1, e4)
+ µ2Q(Rε(τ))(e2, e3, e2, e3) + λ
2µ2Q(Rε(τ))(e2, e4, e2, e4)
− 2λµQ(Rε(τ))(e1, e2, e3, e4) + ε (1 + λ2) (1 + µ2) ≤ 0.
On the other hand, since Rε(τ) ∈ E, we have
Q(Rε(τ))(e1, e3, e1, e3) + λ
2Q(Rε(τ))(e1, e4, e1, e4)
+ µ2Q(Rε(τ))(e2, e3, e2, e3) + λ
2µ2Q(Rε(τ))(e2, e4, e2, e4)
− 2λµQ(Rε(τ))(e1, e2, e3, e4) ≥ 0
by Proposition 9. This is a contradiction.
Thus, we conclude that Rε(t) ∈ E for all t ∈ [0, Tε). It follows from
standard ODE theory that T ≤ lim infε→0 Tε and R(t) = limε→0Rε(t) for
all t ∈ [0, T ). Therefore, we have R(t) ∈ E for all t ∈ [0, T ). This completes
the proof.
As in [1], we define a family of linear transformations ℓa,b on the space of
algebraic curvature operators by
ℓa,b(R) = R+ bRic0 ? id +
a
n
scal id ? id.
Here, scal and Ric0 denote the scalar curvature and trace-free Ricci tensor
of R, respectively. Moreover, ? denotes the Kulkarni-Nomizu product, i.e.
(A?B)ijkl = Aik Bjl −Ail Bjk −AjkBil +AjlBik.
Using a result of C. Bo¨hm and B. Wilking [1], we obtain:
Proposition 11. Assume that b ∈ (0,
√
2n(n−2)+4−2
n(n−2)
]
and 2a = 2b + (n −
2)b2. Then the set ℓa,b(E) is invariant under the ODE
d
dt
R = Q(R).
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Proof. By work of Bo¨hm and Wilking (cf. [1], Theorem 2), it suffices
to show that the set E is invariant under the ODE d
dt
R = Q(R) +Da,b(R),
where Da,b(R) is defined by
Da,b(R) = ((n − 2) b2 − 2(a− b))Ric0 ? Ric0
+ 2aRic ? Ric + 2b2Ric20 ? id
+
nb2(1− 2b)− 2(a− b)(1− 2b+ nb2)
n+ 2n(n− 1)a |Ric0|
2 id ? id.
The first term on the right vanishes as 2a = 2b + (n − 2)b2. By Corollary
8, E is a subset of C˜. Hence, every algebraic curvature operator R ∈ E
has nonnegative Ricci curvature. Consequently, we have Da,b(R) ≥ 0 for all
R ∈ E. Since E is invariant under the ODE d
dt
R = Q(R) by Proposition 10,
we conclude that E is also invariant under the ODE d
dt
R = Q(R)+Da,b(R).
4. Proof of the main theorem
The proof of Theorem 2 relies on the construction of a suitable pinching
set. The concept of a pinching set was introduced in pioneering work of
Hamilton (cf. [4], Definition 5.1). Bo¨hm andWilking [1] have a slightly more
general notion of pinching set, which is more convenient for our purposes.
Proposition 12. Let K be a compact set which is contained in the interior
of C˜. Then there exists a closed, convex, O(n)-invariant set F with the
following properties:
(i) F is invariant under the ODE d
dt
R = Q(R).
(ii) For each δ ∈ (0, 1), the set {R ∈ F : R is not δ-pinched} is bounded.
(iii) K is a subset of F .
Proof. By assumption, the set K is contained in the interior of C˜. Using
Proposition 4, we obtain
R(e1, e3, e1, e3) + λ
2R(e1, e4, e1, e4)
+ µ2R(e2, e3, e2, e3) + λ
2µ2R(e2, e4, e2, e4)− 2λµR(e1, e2, e3, e4) > 0
for all R ∈ K, all orthonormal four-frames {e1, e2, e3, e4}, and all pairs
(λ, µ) ∈ ∂([−1, 1] × [−1, 1]). Hence, there exists a positive real number N
with the following properties:
1. We have
R(e1, e3, e1, e3) + λ
2R(e1, e4, e1, e4)
+ µ2R(e2, e3, e2, e3) + λ
2µ2R(e2, e4, e2, e4)
− 2λµR(e1, e2, e3, e4) +N (1− λ2) (1− µ2) > 0
for all R ∈ K, all orthonormal four-frames {e1, e2, e3, e4}, and all pairs
(λ, µ) ∈ [−1, 1]× [−1, 1].
2. We have tr(R) ≤ 2N for all R ∈ K.
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Without loss of generality, we may assume that N = 1. Thus,K is contained
in the interior of the set E. Consequently, we can find real numbers a ∈
(0, 12(n−1) ] and b ∈
(
0,
√
2n(n−2)+4−2
n(n−2)
]
such that 2a = 2b + (n − 2)b2 and
K ⊂ ℓa,b(E). We now define F1 = ℓa,b(E). Clearly, F1 is closed, convex,
and O(n)-invariant. Moreover, F1 is invariant under the ODE
d
dt
R = Q(R)
by Proposition 11.
We next consider the cones Cˆ(s) defined in [2]. By continuity, we can
find a real number s1 > 0 such that ℓa,b(Cˆ) ⊂ Cˆ(s1). Hence, it follows from
Corollary 8 that
ℓa,b(R) + (1 + 2(n − 1)a) I = ℓa,b(R+ I) ∈ ℓa,b(Cˆ) ⊂ Cˆ(s1)
for all R ∈ E. Since a ∈ (0, 12(n−1) ], we conclude that
F1 ⊂ {R : R+ 2 I ∈ Cˆ(s1)}.
Using Proposition 16 in [2], we can construct an increasing sequence of
positive real numbers sj, j ∈ N, and a sequence of closed, convex, O(n)-
invariant sets Fj , j ∈ N, with the following properties:
(a) For each j ∈ N, we have Fj+1 = Fj ∩ {R : R+ 2j+1I ∈ Cˆ(sj+1)}.
(b) For each j ∈ N, we have Fj ∩ {R : tr(R) ≤ 2j} ⊂ Fj+1.
(c) For each j ∈ N, the set Fj is invariant under the ODE ddtR = Q(R).
(d) sj →∞ as j →∞.
We now define F =
⋂
∞
j=1 Fj . Clearly, F is a closed, convex, O(n)-invariant
set, which is invariant under the ODE d
dt
R = Q(R). Since K ⊂ F1 ∩ {R :
tr(R) ≤ 2}, it follows from property (b) that K ⊂ Fj for all j ∈ N. Hence,
K is a subset of F . Finally, property (a) implies
F ⊂ Fj ⊂ {R : R+ 2jI ∈ Cˆ(sj)}
for all j ∈ N. Since sj → ∞ as j →∞, the assertion follows from Proposi-
tion 15 in [2].
Having established the existence of a pinching set, the convergence of
the normalized Ricci flow follows from work of Hamilton [4] (see also [1],
Theorem 5.1):
Theorem 13. Let (M,g0) be a compact Riemannian manifold of dimension
n ≥ 4. Assume that the curvature tensor of (M,g0) lies in the interior of
the cone C˜ for all points in M . Then the normalized Ricci flow with initial
metric g0 exists for all time and converges to a metric of constant sectional
curvature as t→∞.
By Proposition 4, every curvature tensor satisfying (2) lies in the interior
of the cone C˜. Thus, Theorem 2 is an immediate consequence of Theorem
13.
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